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SUMMARY 
Two-point co r re l a t ion  equations f o r  turbulence with a uniform s t r a i n  rate 
i n  one d i r ec t ion  a r e  constructed by s t a r t i n g  with the compressible Navier- 
Stokes and cont inui ty  equations.  
but  t he  problem i s  s impl i f ied  by assuming tha t  the  turbulent  eddies behave in-  
compressibly. I n  order t o  c lose  the system of equations, the  weak turbulence 
approximation ( t r i p l e  cor re la t ions  neglected) i s  used. The equations a r e  con- 
ver ted  t o  s p e c t r a l  form by taking t h e i r  Fourier transforms. Solutions a r e  ob- 
ta ined  f o r  the turbulent  ve loc i ty  variances i n  the longi tudina l  and t ransverse 
d i r ec t ions  and f o r  the  spec t ra  of those quan t i t i e s .  The t ransverse turbulen t  
i n t e n s i t y  (square r o o t  of variance over l o c a l  mean ve loc i ty )  var ies  i n  a com- 
plex manner that seems t o  approximate experimental hea t  t r ans fe r  r e s u l t s  i n  
highly heated tubes.  
Compressibility i s  re ta ined  i n  the  mean flow, 
A t r a n s f e r  term associated with the  mean s t r a i n  r a t e  i s  found t o  t r a n s f e r  
energy t o  e i t h e r  higher o r  lower wave numbers, depending on whether t he  s t r a i n  
rate i s  negative or pos i t ive .  Because of t h i s  energy t r ans fe r  t he  peaks of t h e  
energy and d i s s ipa t ion  spectra  a r e  widely separated f o r  la rge  negative rates of 
s t r a i n ,  even though t r i p l e  cor re la t ions  have been neglected; however, there  i s  
s t i l l  considerable overlap of t h e  two spectra .  
INTRODUCTION 
One problem of considerable i n t e r e s t  i n  the  theory of turbulent  flow is  
the  e f f ec t  of a mean s t r a i n  on the  turbulence. Since the s t r a i n  is  accompanied 
by a ve loc i ty  change i n  the  flow direct ion,  t h i s  e f f e c t  i s  sometimes ca l l ed  an 
e f f e c t  of acce lera t ion .  
s t r a i n ,  i n  which viscous and i n e r t i a  e f fec ts  produced by the turbulence are 
negl ig ib le ,  w a s  considered, fo r  instance, by Prandt l  ( r e f .  l), Taylor (ref. Z ) ,  
Ribner and Tucker ( re f .  3), and Batchelor and Proudman ( r e f .  4). A d i f f e r e n t  
approach wherein viscous e f f ec t s  a r e  re ta ined and i n e r t i a  e f f e c t s  a r e  neglected 
only insofar  as they a f f e c t  t r i p l e  cor re la t ions  w a s  used by Pearson ( r e f .  5 ) .  
Two-point co r re l a t ion  equations i n  which uniform mean s t r a i n  rates a r e  in -  
cluded were obtained from t h e  incompressible Navier-Stokes and cont inui ty  equa- 
t ions . 
The case of turbulence with a suddenly appl ied mean 
8 
I n  the preceding analyses, a s t r a i n  i n  the flow d i r e c t i o n  w a s  accompanied 
by transverse s t r a i n ,  as i n  the  d i s t o r t i o n  produced by a sudden stream con- 
t r a c t i o n .  The problem analyzed herein,  on the other hand, considers the t u r -  
bulence i n  a stream of uniform cross sect ion,  i n  which a uniform r a t e  of s t r a i n  
is  produced i n  the flow d i rec t ion  by densi ty  changes. 
might be of importance i n  connection with heat t r a n s f e r  t o  o r  from a gas stream 
a t  high fluxes or i n  a flow with heat  l i b e r a t i n g  or absorbing chemical reac- 
t ions .  
number of very small heated or cooled tubes run longi tudinal ly  i n  the stream. 
The turbulence would be i n i t i a l l y  produced by flow of the stream throhgh a 
gr id ,  and the  e f f e c t  of the s t r a i n  r a t e  on the decay of the turbulence would 
be studied. 
This type of s t r a i n  
The model might be c lose ly  approximated i n  an experiment i n  which a 
The analysis  starts from the  compressible Navier-Stokes and cont inui ty  
equations. 
with a uniform mean r a t e  of s t r a i n  i n  one d i rec t ion  a r e  obtained. Compressi- 
b i l i t y  must, of course, be re ta ined  i n  the  mean flow, but densi ty  f luc tua t ions  
a r e  neglected and the turbulent  eddies a r e  assumed t o  obey the incompressible 
cont inui ty  equation. 
the following sect ion.  
From those equations two-point cor re la t ion  equations f o r  turbulence 
The required cor re la t ion  equations w i l l  be obtained i n  
BASIC EQUATIONS 
The compressible Navier-Stokes and cont inui ty  equations f o r  a constant-  
v i scos i ty  gas a r e  usual ly  wr i t ten  as follows: 
and 
where the subscr ipts  can take the values 1, 2,  or 3. A repeated subscr ipt  i n  
a term indicates a summation of terms, with t h e  subscr ipts  successively taking 
on t h e  values 1, 2, and 3. "he q u a n t i t i e s  u i  and Gk a r e  instantaneous 
ve loc i ty  components, x i  i s  a space coordinate, t i s  the time, p i s  the 
density,  p i s  the viscosi ty ,  and 5 i s  the instantaneous pressure.  (All 
symbols are  defined i n  the appendix. ) 
N 
Equations (1) and ( 2 )  give 
The instantaneous v e l o c i t i e s  and pressure i n  equations ( 3 )  and (2) can be 
broken into mean and f luc tua t ing  components. 
p = P + p, where the capi ta l ized  symbols r e f e r  t o  mean quant i t ies ,  and the 
lower case symbols r e f e r  t o  f luc tua t ions .  Density f luc tua t ions  a r e  neglected. 
Se t  ci = U i  + u i ,  and 
N 
2 
If averages are taken and the averaged equations are subtracted from the un- 
averaged ones, 
Since continuity is satisfied for the mean as well as for the unaveraged flow, 
equation ( 2 )  becomes 
Then, from equations ( 2 )  and (52, 
Also, since fluctuations are assumed to behave incompressibly, the incompressi- 
ble continuity equation is used: 
Comparison of this equation with equation (6) indicates that its use implies 
that changes in mean density are small over the distance for which a velocity 
fluctuation occurs. This distance can also be considered as the mixing length 
or scale of the turbulence or the distance over which velocities are appre- 
ciably correlated. 
tion (4). 
Equation (7) allows dropping of the last term in equa- 
Use of equations (5) and (6) then gives 
Equation (8) applies at a point P in the fluid. At another point PI sepa- 
rated from P by the vector r (see fig. l), 3 
If equation (8) is multiplied by p'u; and equation (9) by PUiJ the 
two equations are added, and average values are taken, 
3 
Figure 1. - Vector configuration for two-point 
correlation equations. 
where the f a c t  t h a t  quant i t ies  a t  one point  a r e  
independent of the  posi t ion of the  other point  has 
been used. A s  mentioned previously, use of the 
incompressible cont inui ty  equation f o r  the  f luc tu-  
a t i o n s  (eq.  ( 7 ) )  implies t h a t  changes i n  mean den- 
s i t y  a r e  small over the  dis tance f o r  which ve- 
l o c i t i e s  are correlated.  Therefore, p '  is  re- 
placed by p, and i n  t h a t  way a considerable 
s impl i f ica t ion  i n  equation (10) i s  obtained. 
the  turbulence i s  assumed t o  be weak enough for 
t r i p l e  cor re la t ions  t o  be neglected. Equation 
(10) then becomes, on introducing the new v a r i -  
(see f i g .  1), 
Also, 
ables  r k  X k  - Xk and (Xk)m (1/2)(Xk X k )  
where the  following transformations were used: 
a l a  a a x , = Z a ( x , ) - - a r ,  
m 
4 
For the  problem considered herein,  the veloci ty  gradient  ( s t r a i n  ra te)  i n  t h e  
x l -d i rec t ion  dUl/dxl i s  uniform, and the other ve loc i ty  gradients  a r e  zero.  
Also, it is shown i n  reference 6 t h a t  the e f f ec t s  of inhomogeneities on the  
decay of t h e  turbulence downstream of a g r id  a re ,  f o r  cases of p r a c t i c a l  in- 
t e r e s t ,  usua l ly  negl ig ib le .  
given dis tance downstream from the turbulence generator,  
Equation (11) then becomes, f o r  steady state a t  a 
- - - 
'ilU1uj 
where ( U 1  + U i ) / 2  w a s  replaced by ( U 1 )  the value o f  U 1  a t  
i s  the  Kronecker d e l t a .  
and 6 i j  m' 
The pressure-veloci ty  cor re la t ions  a r e  next considered. Taking the  
divergence of equation ( 4 )  and using equations ( 6 )  and ( 7 )  give 
Since the  mean flow i s  i n  the  
d i rec t ion ,  t he  f i rs t  term on the  r i g h t  s ide  of equation (13) becomes, with the  
use of equations (5)  and ( 7 )  and the  assumption of steady state, 
x l -d i rec t ion  and changes only i n  the  x1- 
L 
Multiplying equation (13) by u;, averaging, and introducing the  var iab les  
(xi)m and ri then give, f o r  weak turbulence, 
1 
m m 
Equation (14), however, - is  the  same as equation ( 1 2 )  i n  reference 6.  
t h a t  reference pui This assump- 
t i o n  i s  cons is ten t  with an assumption t o  be made l a t e r  that t h e  turbulence i s  
i n i t i a l l y  i so t rop ic .  I n  t h e  preceding reference puj is  shown t o  be zero 
throughout the f i e l d  if it i s  zero a t  an i n i t i a l  (xl),; t h a t  is, the  dynamics 
of t he  turbulence w i l l  not  cause nonzero values of pu! t o  a r i s e .  Similarly,  
there  w i l l  be no inconsis tencies  i n  a l s o  taking u i p '  t o  be zero. Equation 
( 1 2 )  then becomes 
As i n  
is  assumed t o  be zero a t  an  i n i t i a l  (x,) . m 
-
- J  
5 
In order t o  simplify the  notation, l e t  
and 
By continuity,  
o r  
Als 0,  
a U  u = ug + ax x 
where the subscr ipt  g designates the plane where x = 0 which, as usual,  i s  
taken as the  plane of the g r i d .  If 
U x = A + x  
S 
and 
equation (15) becomes 
- 
Equation ( 2 0 )  i s  the cor re la t ion  equation f o r  
s p e c t r a l  form by introducing the  three-dimensional Fourier transform 'pij de- 
f ined by 
u.u!  It can be converted t o  
1 J '  
6 
4 
where & = aK1 aK2 d K g .  Then, 
Taking the Fourier transform of equation (20) r e s u l t s  i n  
If X/Ug i s  in te rpre ted  a s  a t i m e ,  the  terms on the  r i g h t  side of equa- 
t i o n  ( 2 3 )  give the  contr ibut ions of various processes t o  the  time r a t e  of  
change of cpij. The las t  term is ,  of course, t h e  usual  d i ss ipa t ion  term. The 
next t o  the  las t  term can be in te rpre ted  as a t r ans fe r  term, f o r  i f  f = 0 i n  
equation ( 2 2 ) ,  the  quant i ty  ( K ~  &p- . / d ~ , )  + v i j ,  when in tegra ted  over wave 
It can, number space, gives zero contr ibut ion t o  the rate of change of 
however, t r a n s f e r  energy between wave numbers. This process i s  similar t o  that 
previously discussed i n  connection with shear-flow turbulence ( ref .  6 ) .  The 
remainder of  the terms on the r i g h t  s ide  of equation ( 2 3 )  can evident ly  be 
in t e rp re t ed  as production terms. 
out of t h e  equation when there  is  no s t r a i n ,  s ince  X goes t o  i n f i n i t y  when 
s goes t o  zero (eq.  ( 1 9 ) ) .  
-1J 
uiuj *
Both the production and t r ans fe r  terms drop 
SOLUTION OF SPECTRAL EQUATION 
Equation ( 2 3 )  i s  a f i rs t -order  equation and can be solved by ava i lab le  
methods ( see  r e f .  7 ) .  For (~11, the  component of T i j  i n  the  d i r ec t ion  of 
mean s t r a i n ,  
where 
I n  order t o  evaluate  f it i s  assumed t h a t  t he  turbulence is  i so t ropic  a t  
X = X o  (bu t  not  a t  other  values of X ) .  This assumption implies t h a t ,  f o r  
weak turbulence, 
f ( K 1 X )  i s  a funct ion of in tegra t ion  t h a t  depends on i n i t i a l  conditions.  
where JO is  a constant (see ref .  6, eq. (43 ) ) .  This equation is i n  agreement 
7 
with the work of Batchelor and Proudman ( r e f .  8 ) .  Evaluation of f i n  equa- 
t i o n  ( 2 4 )  by subs t i t u t ing  equation ( 2 5 )  a t  X = X o  gives 
o r  
Then 
where the de f in i t i on  of x (eq.  ( 1 9 ) )  w a s  used. 
normal t o  t he  d i r ec t ion  of mean s t r a i n ,  is 
Similarly,  ( P ~ ~ ,  a component 
Jo U + sx  [ 
2(U + sx ,"I B1 ug + sxo -@; K 3 + K  
Because of a x i a l  symmetry, 'p33 
considered separa te ly .  
i s  of t he  same form as cpZ2 and need not  be 
In order t o  i n t eg ra t e  over wave number space, it is  convenient t o  i n t r o -  
duce spherical  coordinates as follows: 
7 K~ = K COS e 
(28)  K~ = K cos cp s i n  8 
K = K s i n  cp s i n  8 
3 
-+ Equation ( 2 1 )  then becomes, f o r  r = 0, 
8 
e 
where 
The quant i ty  qij is the  spectrum tensor as  defined by Batchelor ( ref .  9 ) .  
- - 
I n  ca lcu la t ing  u1 2 and u2 it i s  convenient t o  ca r ry  out  the in tegra t ion  
with respect  t o  cp, K ,  and 8 i n  t h a t  order.  Then, from equations ( 2 6 )  
t o  (301, 
and 
For the spec t ra  of the ve loc i ty  variances there  is, i n  dimensionless form, 
and 
} (34)  * -2aK*' + (b2 - 2)k e 
f o r  a > 0 and 
F ( G a  K * )  + K* 1 bK*expr-2K*2(1 + a)] 12fia = (35) 
and 
f o r  a < 0, where 
(36) 
9 
sxO 
a =  ($ - 1) - 
sxO 1+- 
sxO 
€2 
1 + -  
1+r 
b =  sx  
and 
F(U) = e eU2 du 
( 3 7 )  
Values of F(U) a r e  tabulated,  f o r  instance,  by Mil ler  and Gordon ( r e f .  10). 
The t r ans fe r  term i n  the  s p e c t r a l  equation ( t h e  next t o  the  l as t  term i n  
eq. ( 2 3 ) )  can be in tegra ted  over a l l  d i r ec t ions  i n  wave number space by r e -  
placing cpij i n  equation (30)  by t h a t  term. The longi tudina l  component of t he  
integrated t r ans fe r  term is,  then, i n  dimensionless form, 
- erf(rc**) + 3~*e-‘~~*‘] + ab$:, (43)  TTl= - bK*e-2K*2 PK: 12za 
f o r  a > 0 and 
f o r  a < 0, where 
10 
v q x  - x0)3s 
T:l = 
JoU;(Ug t sx )  
(45)  
A discussion and p lo t t i ng  of the  r e s u l t s  for  the  various spec t ra  and ve loc i ty  
variances w i l l  be given i n  the following sect ion.  
DISCUSSION 
Velocity Variances 
The ve loc i ty  variances ul, z z  u2, and 3 a r e  given by equations (31) and 
( 3 2 ) .  
order t o  p l o t  equations (31) and ( 3 2 )  f o r  
known. It appears t h a t  xo must always be negative, s ince equations (31) and 
( 3 2 )  ind ica te  t h a t  the  point  represents a v i r t u a l  o r ig in  f o r  the  t u r -  
bulence, where the energy i s  i n f i n i t e .  Since the  g r i d  a t  x = 0 can produce 
only a f i n i t e  turbulent  energy, the  v i r t u a l  or ig in  must l i e  upstream of the  
gr id ,  or xo must be negative.  
Dimensionless p l o t s  of equations (31) and (32 ) a r e  presented i n  f igure  2 
f o r  two values of x*. The ve loc i ty  variances a t  a given x with s t r a i n  are 
divided by t h e i r  values a t  the  same posi t ion without s t r a in ,  with the  mean - 
ve loc i ty  s e t  a t  Ug. For pos i t ive  s t r a i n  r a t e s  t he  longi tudina l  component u$ 
( i n  the  d i rec t ion  of s t r a in )  is reduced below the  value it would have f o r  no 
s t r a i n ,  whereas the t ransverse components a re  increased. These r e s u l t s  a r e  
q u a l i t a t i v e l y  s imilar  t o  those obtained for a sudden contract ion i n  an incom- 
p res s ib l e  flow ( see  ref .  9 ) .  For negative s t r a i n  r a t e s  t h e  opposite trends 
occur; that is ,  t he  longi tudina l  component i s  increased by the  strainlwhereas -
t h e  t ransverse components a r e  decreased. The t o t a l  energy -/2 = (u: + 2ug)/2 
is increased by both pos i t ive  and negative s t r a in  r a t e s ;  t h a t  is ,  pos i t ive  and 
negative s t r a i n  r a t e s  both feed n e t  energy i n t o  the  turbulent  f i e l d  but  through 
d i f f e r e n t  components. 
For zero s t r a i n  ( s  = 0)  these expressions reduce t o  the usual  expression 
f o r  i so t rop ic  turbulence i n  t h e  f i n a l  period, i f  ( x  - xo)/Ug = t - t o .  I n  
xo must be s # 0, the  s ign  of 
x = xo 
- - * *  A s  s x approaches -1 (or sx  + -Ug), u1 and thus u i u i  grow in -  
d e f i n i t e l y  l a rge  ( see  eq. (31)).  The symbols s* and x* a r e  defined i n  
f igu re  2 .  The point  sx = -Ug represents the condi t ion where the  f l u i d  i s  
compressed i n t o  zero volume and is, of course, unat ta inable .  
- For values of s x  somewhat l a rge r  than -Ug, however, the  magnitudes of 
uf and u i u i  s t i l l  increase r a the r  than decay as x increases,  or the  energy 
fed i n t o  t h e  turbulent  f i e l d  by the  negative s t r a i n i n g  ac t ion  is  grea te r  than 
t h a t  d i ss ipa ted .  It can be shown from equation (31) t h a t  the  region i n  which 
u2 increases  with x i s  given by -l/x* < s* < -(5/8>/[x* + ( 3 / 8 ) ] .  
-
- 
1 
7 2  Calculat ing the  square of the  transverse turbulent  i n t e n s i t y  uz/U , 
where U i s  t h e  l o c a l  mean veloci ty ,  i s  of some i n t e r e s t .  I n  a sudden con- 
11 
Shortening 'E 8 \ 
E 2 
0 
-.8 -. 6 -. 4 
Elongating 
(a) = x/(-xo) = 1. 
J 
-. 2 0 .2  . 4  .6 . a  
s* = s(-x0)/Ug 
(b) XO = x/(-xo) = 3. 
Figure 2. - Ratio of velocity variances with strain to those without strain as 
function of dimensionless mean strain rate. 
- 
2 
t r a c t i  n, r e s u l t s  f o r  an incompressible f l o w  ind ica t e  that, although u2 
creases ,  u:/U2 decreases through t h e  cont rac t ion  because of t he  increase i n  
U ( r e f .  9 ) .  
in-  - 
I n  the  case presented herein it i s  des i red  t o  ca l cu la t e  
(u2 a t  x with strain)/(U2 a t  x with s t r a i n )  
- 
a t  x without s t r a i n  and with U = Uo)/Ug 
(46)  
1 2  
where equation ( 3 2 )  and the r e l a t ions  
U = UO + s ( x  - XO) and Ug = UO - sxo 
were used. 
A p l o t  of equation (46)  i s  given 
i n  f i gu re  3. For small values of x* 
( f i g .  3 (a ) ) ,  (q/u$/[(q&] 
tends t o  be grea te r  than 1 f o r  pos i t ive  
s t ra in ;  tha t  i s ,  the  pos i t i ve  s t r a i n  
r a t e  tends t o  increase the  l o c a l  t rans-  
verse i n t e n s i t y  of t h e  turbulence. For 
la rger  values of x*, the r a t i o  i s  pre- 
dominantly l e s s  than 1 except f o r  l a rge  
values of s*. A s  x* approaches in-  
f i n i t y ,  equation (46) shows tha t  the  
r a t i o  of l o c a l  t ransverse i n t e n s i t y  
with s t r a i n  t o  that without s t r a i n  goes 
(a) Positive strain rates. 
-2 3 -  
- 
2 -  t o  zero.  
- 
Comparing these r e s u l t s  f o r  posi-  
t i ve  s t r a i n  r a t e s  w i t h  those f o r  expand- 
ing flow i n  a highly heated tube may be 
worthwhile ,  although the heated-tube 
0 . 2  . 4  . 6  .8 1.0 case i s  more complicated because of 
fi = x k x g )  r a d i a l  va r i a t ions  of ve loc i t i e s  and 
(b) Negative strain rates. propert ies .  Experiments by Weiland 
Figure 3. - Square of ratio of local transverse inten- 
sityof turbulence with strain to that without strain 
as function Of dimensionless axial position and di- 
mensionless strain rate. 
pected f o r  a nonexpanding flow. 
t r a n s f e r  coe f f i c i en t  tended t o  be higher than ca lcu la ted  f o r  a normal entrance 
region. 
normal value, and near the e x i t  of the  longer tube it again rose. The experi-  
mental curves a r e  q u a l i t a t i v e l y  s imi la r  t o  those i n  f igu re  3(a) ,  except t ha t  
the la t te r  do not r ise  near the e x i t .  
buted t o  the f a c t  that the  s t r a i n  r a t e  was not  uniform along the  length of the  
tube i n  the experiment. The dimensionless hea t - t ransfer  coe f f i c i en t  or Stanton 
number i s  c lose ly  related t o  the transverse turbulen t  i n t ens i ty .  In  f a c t ,  some 
order of magnitude arguments based on the  momentum - heat - t ransfer  analogy can 
be used t o  show that t h e  ordinate  i n  f igure 3 should be approximately propor- 
t i o n a l  t o  the square of t he  r a t i o  of l oca l  Stanton number with s t r a i n  t o  that 
without s t r a i n .  The r e s u l t s  presented herein thus seem t o  be i n  qua l i t a t ive  
agreement with the  experimental heat- t ransfer  r e s u l t s .  Although, as mentioned 
previously, t he  heated-tube case i s  more complicated than the  case considered 
herein,  t he  r e s u l t s  appear t o  show, a t  l ea s t ,  that appreciable e f f e c t s  of a x i a l  
pos i t i on  on hea t  t r ans fe r  a t  distances f a r  downstream from the  entrance m i g h t  
For negative s t r a i n  rates ( f i g .  3 (b) ) ,  the t rends are, i n  general, oppo- 
(ref * ll; see f ig* 7,  and 
( r e f .  12) ind ica te  that the  heat t rans-  
f e r  i n  an expanding f l o w  can be con- 
s iderably d i f f e r e n t  than might be ex- 
In  t h e  upstream port ion of t he  tubes the heat-  
I n  the middle port ion the  heat- t ransfer  coe f f i c i en t  dipped below the  
This d i f fe rence  can probably be a t t r i -  
occur. 
s i t e  t o  those f o r  pos i t i ve  s t r a i n  r a t e s ;  for small values of x*, 
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Figure 4. - Dimensionless longitudinal t ransfer  spectra associated w i th  
mean st ra in  at dimensionless axial posit ion x' of 1. (Arrows point 
to ordinate scales to be used for various curves. )  
( ~ / L J z ) l [ $ u o l J ~ ]  i s  l e s s  than 1, and for l a r g e r  values of x*, it becomes 
g r e a t e r  than 1. If t h e  momentum - heat- t ransfer  analogy i s  applied as it w a s  
f o r  posi t ive s t r a i n  r a t e s ,  it i s  seen t h a t  negative s t r a i n  r a t e s  could e i t h e r  
decrease or increase the hea t - t ransfer  coef f ic ien t .  
occur, f o r  instance, i n  the  gas flowing through a cooled tube.  
Negative s t r a i n  rates 
Turbulence Spectra 
The dimensionless t r a n s f e r  spectra  a r e  next considered. The t r a n s f e r  
term i n  the s p e c t r a l  equation f o r  the longi tudinal  component of energy i s  
p l o t t e d  i n  f igure  4 from equations (43) and ( 4 4 ) .  
ceeding ones a r e  f o r  a value of x* of 1. Curves f o r  other values of x* a r e  
for  low values of K* and pos i t ive  for  la rge  values,  or the  energy t r a n s f e r  i s  
from small t o  large wave numbers. The t o t a l  area under each curve as K* goes 
from zero t o  i n f i n i t y  i s ,  of course, zero.  The curves a r e  similar t o  those 
obtained for  the energy t r a n s f e r  associated with t r i p l e  cor re la t ions  a t  higher 
Reynolds numbers ( r e f .  13). I n  the  case considered herein,  where t h e  t r i p l e  
correlat ions a r e  neglected, the  energy t r a n s f e r  i s  caused by the mean s t r a i n .  
For posi t ive s t r a i n  r a t e s  the energy t r a n s f e r  i s  i n  t h e  opposite direct ion,  
t h a t  is, f rom large t o  small wave numbers. The energy t r a n s f e r  can thus be i n  
e i t h e r  direction, depending on whether the s t r a i n  r a t e  i s  pos i t ive  or negative.  
The t ransfer  spectrum associated with the  t ransverse gnergy, t h a t  i s ,  the p l o t  
of 
the  energy t ransfer  corresponds t o  t h a t  f o r  
These curves and the suc- 
I q u a l i t a t i v e l y  similar. For negative s t r a i n  r a t e s  the t r a n s f e r  term i s  negative 
TZz, although not  shown, is  similar t o  t h a t  of T11, and the  d i rec t ion  of 
ql. 
* 
Dimensionless spectra  of the  v e l o c i t y  variances, or values of $11 and 
$&, a r e  plot ted i n  f igures  5 and 6 .  
and 6 ( a ) ) ,  the  shapes of the spectra  a r e  changed considerably because of the 
t r a n s f e r  of energy i n t o  the  high wave number region as discussed i n  the pre- 
ceding paragraph. 
spectra  causes them t o  become asymmetric, as compared with the almost symmetric 
spectrum f o r  no s t r a i n  (s*  = 0 ) .  
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For negative s t r a in  r a t e s  ( f i g s .  5 ( a )  
The exc i ta t ion  of the high wave number portions of the 
* I n  the case of $22, the  curves for negative 
4 1  (a) Negative s t ra in  rates. 
K" 
(b) Positive s t ra in  rates. 
Figure 5. - Dimensionless longitudinal energy spectra at dimensionless 
axial posit ion F of 1. 
- 
s t r a i n  rates overlap because, although contributions t o  uz with s t r a i n  a r e  
general ly  lower than those without s t r a i n ,  the  opposite trend occurs a t  high 
wave numbers because of t h e  energy t ransfer  i n t o  t h a t  region. 
s t r a i n  r a t e s  ( f i g s .  5 ( b )  and 6 ( b ) ) ,  where the energy t r a n s f e r  i s  from large t o  
small wave numbers, the  shapes of the spectra a r e  a f fec ted  t o  a l e s s e r  ex ten tby  
the  energy t r a n s f e r .  Apparently, the e f fec t  of the  energy t r a n s f e r  f o r  pos i t ive  
s t r a i n  rates is  t o  move the  peaks of the curves t o  the  l e f t ,  p a r t i c u l a r l y  those 
For pos i t ive  
f o r  4J22' 
Figure 7 i s  a summary plo t  for energy, d i ss ipa t ion ,  and t r a n s f e r  spectra  
of 
f o r  a high negative s t r a i n  r a t e  (s*  = -0 .99) .  
d i ss ipa t ion  spectra  are q u i t e  widely separated and occur a t  values of 
1 .3  and 10, respect ively.  This separation is  similar t o  the separation t h a t  
occurs a t  high Reynolds numbers without mean s t r a i n  ( r e f .  13) and is a con- 
sequence of t h e  asymmetrical shape of the energy spectrum. 
The peaks of the energy and 
K* 
The e n t i r e  energy 
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. 
. 
(a) Negative strain rates. 
KQ 
(b) Positive strain rates. 
Figure 6. - Dimensionless transverse energy spectra at dimensionless 
axial position Z of 1. 
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Figure 7. - Summary of longitudinal energy, dissipation, and transfer 
spectra for large negative strain rate (-0.99) at dimensionless axial 
position xo of 1. (Peak of dissipation spectrum is normalized to 
same height as peak of energy spectrum. I 
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and d i s s ipa t ion  regions, however, cannot be s a i d  t o  be widely separated, as i s  
required for Kolmogoroff's hypothesis t o  be v a l i d  ( see  r e f .  9 )  because the re  i s  
considerable overlap of t he  spectra .  In  an attempt t o  obtain less overlap, a 
s t i l l  higher value of negative s t r a i n  r a t e  (s* = -0.999) w a s  t r i e d .  Although 
the  peak of the d i s s ipa t ion  spectrum moved t o  about 32, while that of the 
energy spectrum w a s  unchanged, the  overlap of t he  regions was not  decreased 
because ordinate  values for the  energy spectrum i n  t h e  high wave number region 
were increased. It seems t h a t  a near ly  complete separat ion of t he  energy and 
d i s s ipa t ion  regions cannot be obtained with the  present  model. 
Lewis Research Center, 
National Aeronautics and Space Administration, 
Cleveland, Ohio, February 17 ,  1965. 
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APPENDIX - SYMBOLS 
defined by eq. ( 3 7 )  
defined by eq. (38) 
defined by eq. ( 4 2 )  
constant t h a t  depends on i n i t i a l  conditions 
mean pressure; a l so ,  a point i n  the  f l u i d  
pressure f luc tua t ion  
defined i n  f i g .  1 
longi tudina l  t r a n s f e r  term 
time 
mean longi tudina l  ve loc i ty  component 
ve l o c i  t y  
longi tudinal  space coordinate 
Kronecker de l t a  
angular coordinates (see eq. ( 2 8 ) )  
wave number 
v iscos i ty  
densi ty  
three-dimensional Fourier transform of uiui defined by eq. ( 2 1 )  
spectrum tensor  defined by eq. (30) 
- 
Subscripts : 
g a t  plane where x = 0 (plane of g r i d )  
m a t  point pm (see  f i g .  1) 
18 
r 
4 
0 a t  v i r t l  31 or ig in  of turbulence where turbul  n t  energy would be in-  
f i n i t e  (It is  assumed t h a t  turbulence i s  i so t ropic  a t  
s t r a i n  begins t o  a c t  there .  
xo and t h a t  
1 i n  longi tudinal  d i rec t ion  
2 , 3  i n  transverse direct ion 
Superscripts:  
N instantaneous 
I a t  point  P' (see f i g .  1) 
* on dimensionless quant i t ies  defined by eqs . (39  1, ( 40), and (45)  
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